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Spatial Evolution of a Monochromatically
Forced Flat-Plate Wake

D. I. Dratler* and H. F. Fasel1^
University of Arizona, Tucson, Arizona 85721

Nonlinear disturbance development in a two-dimensional, incompressible, spatially developing wake behind
a thin flat plate aligned parallel to a uniform freestream is investigated by direct numerical integration of the
Navier-Stokes equations. For the numerical integration, finite difference methods together with an alternating
direction implicit/Adams-Bashforth time integration scheme are employed. The wake is harmonically forced at
the inflow boundary at the frequency of maximum amplification predicted by linear stability theory. The response
to this monochromatic forcing includes a disturbance component at the forcing frequency that grows very rapidly
before saturating a short distance downstream. This saturation can be predicted qualitatively from a linear stability
analysis of the distorted mean flow. Farther downstream, the disturbance energy is concentrated in the fundamental
disturbance, the second harmonic, and the mean-flow distortion component. At large amplitudes, a Karman vortex
street forms. Variations in forcing strength do not alter the qualitative behavior of the forced wake. The results of
these simulations compare well with both linear stability theory and experimental measurements.
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Nomenclature
parameter that characterizes the forcing strength
wake half- width, defined as the cross-stream location
at which u is halfway between the freestream and the
centerline velocities
disturbance kinetic energy associated with temporal
mode /
length of wake-generating flat plate
frequency mode number
number of grid points in the cross-stream direction
number of grid points in the streamwise direction
Reynolds number, U^L/v

ramp function
time
wake centerline velocity
amplitude of time-periodic streamwise perturbation
velocity
freestream velocity
streamwise velocity
undisturbed streamwise velocity at the inflow boundary
amplitude of streamwise component of the
Orr-Sommerfeld eigenfunction corresponding to the
frequency ft
streamwise perturbation velocity
amplitude of time-periodic cross-stream perturbation
velocity
cross-stream velocity
streamwise distance
streamwise location of inflow boundary
streamwise location of outflow boundary
cross-stream distance
cross-stream location of lower freestream boundary
cross-stream location of upper freestream boundary
amplification rate of fundamental disturbance
wave number of fundamental disturbance
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= frequency of Orr-Sommerfeld mode used to excite the
wake

= wake momentum thickness at trailing edge of the flat
plate

= wavelength of fundamental disturbance
= kinematic viscosity
= phase of streamwise component of Orr-Sommerfeld

eigenfunction corresponding to the frequency ft
= spanwise vorticity

All quantities are dimensionless except those with an overbar.

I. Introduction

IN spite of considerable research effort spanning many decades,
laminar-turbulent transition in wake flows is still poorly under-

stood. Much of what is known is attributable to the experimental
work of Sato and Kuriki,1 who investigated laminar-turbulent tran-
sition in wakes generated by thin flat plates. Their experiments have
shown that the initial stages of laminar-turbulent transition in the
low-speed regime is predominantly two dimensional. In these ini-
tial stages, which can be described by linear stability theory for
only a small region near the trailing edge of the plate, disturbances
rapidly attain large amplitudes. As a result, nonlinear effects be-
come important very early in the transition process. On the basis
of their measurements, Sato and Kuriki concluded that this nonlin-
earity leads to a reduction in disturbance growth rates, distortion
of fundamental disturbance amplitude and phase distributions, gen-
eration of higher harmonics, and significant distortion of the mean
flow. In particular, their results indicated a significant increase in
the wake width and centerline velocity, and the appearance of ve-
locity overshoots at the edge of the deficit region. They noted that
some of these observations are consistent with the development of a
staggered vortex-street pattern, i.e., a Karman vortex street. Consis-
tent with this conjecture, the experiments of Heinemann et al.2 have
shown that Karman vortex streets do develop in flat-plate wakes.

In a number of more recent investigations, direct numerical sim-
ulations have been used to investigate the two-dimensional stages
of wake transition. These simulations, which include the works of
Zabusky and Deem,3 Hannemann and Oertel,4 and Maekawa et al.,5
have confirmed many of Sato and Kuriki's1 findings. In one of the
first works of its kind, Zabusky and Deem3 performed simulations
based on the full Navier-Stokes equations to investigate the tempo-
ral evolution of wakes subjected to monochromatic initial fluctua-
tions. Their results indicated initial exponential growth of the wake
fluctuation, followed by a much longer period of nonlinear evo-
lution that eventually led to the development of a classic Karman
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vortex-street pattern in the wake. Other than the assumed temporal
evolution of their flow, the variation of disturbances and the mean
flow were in good agreement with the measurements of Sato and
Kuriki.1 Hannemann and Oertel4 simulated the evolution of wakes
generated by a blunt-edged plate and found a significant region
of absolute instability, as seen in bluff-body wakes. This absolute
instability was displaced by a convective instability when the nor-
malized centerline velocity exceeded 0.04, indicating a very small
region of absolute instability in wakes behind thin plates. In the
work of Maekawa et al.,5 the effect of fundamental, subharmonic,
and random forcing on wake development was investigated, with
wake evolution found to be highly sensitive to the nature of excita-
tion. However, for strictly fundamental forcing, their results were in
good general agreement with the measurements of Sato and Kuriki.1

Despite a number of investigations of nonlinear disturbance de-
velopment in wakes, including the numerical studies cited above,
nonlinear processes involved in the initial stages of wake transi-
tion still are not well understood. To gain a better understanding of
these processes, direct numerical simulation (DNS) has been used
to investigate the initial, two-dimensional, spatial evolution of in-
compressible, flat-plate wakes when subjected to monochromatic
forcing. Our results show that the initial deviation of fundamental
disturbance growth from predictions of linear theory, including the
saturation of the fundamental disturbance, can be predicted from a
linear stability analysis of the distorted mean flow. This ability to de-
scribe nonlinear phenomena with a linear model is remarkable, and
provides considerable insight into the mechanism leading to funda-
mental disturbance saturation. We then present results illustrating
the effect of forcing amplitude on the disturbance development.

II. Governing Equations and
Computational Domain

We consider a wake that forms downstream of a thin flat plate
aligned parallel to a low-speed, uniform stream of velocity UQQ. The
plate is assumed to have a length L and an infinite span. In addition,
the plate trailing edge is assumed to be sharp, so that the recirculating
region behind the plate is negligibly small. Under these conditions,
wake instabilities are convective in nature except in a small region
very close to the trailing edge of the plate (see, e.g., Huerre and
Monkewitz6).

Simulations are performed in a computational domain located far
enough downstream of the plate trailing edge to exclude the region
of absolute instability, but located near enough to the plate trailing
edge to include most of the high-deficit near-wake region. As shown
in Fig. 1, the spatial extent of the computational domain is defined
by Xj < x < x() and yf < y < yU9 where x\, x0, y/, and yu have been
nondimensionalized as outlined in the next paragraph. The actual
physical dimensions of the computational domain are given with
the discussion of the numerical results in Sec. V.

For the direct numerical simulations described in this paper,
the governing equations are the incompressible Navier-Stokes

equations in vorticity-velocity formulation. In two dimensions,
these equations are
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All_variables in Eq. (l)_are nondimensionalized according to x =
x/L, y = y/&TE, t = WOQ/L, u = u/U^, v = v/U^r, and a)z =
^Z^TE/^OO- The independent variables x and y and the parameters
#TE, L, and UQQ are defined in relation to the flat plate in Fig. 1.

III. Boundary and Initial Conditions
The governing equations (1) describe an initial-boundary value

problem. To solve these equations, boundary conditions must be
prescribed for the entire bounding surface of the computational do-
main, and appropriate initial conditions must be prescribed for the
initial time of the calculation. In addition, the imposed boundary
conditions must allow for spatial disturbance development. These
conditions are now described.

A. Inflow Boundary (x = jc/)
At the inflow boundary, disturbances are introduced into an other-

wise undisturbed wake. For this purpose, time-periodic forcing con-
sisting of a two-dimensional Orr-Sommerfeld mode is employed.
For the streamwise velocity, this boundary condition has the form

u(y, 0 = w/00 + s(t)Au(y) cos[arXi - fit + 0M(v)] (2)

where s(t) is defined by

s(t) = sin2(ftt/2) for 0 < t < n/ft (3a)

s(t) = 1 for t > n/ft (3b)

B. Freestream Boundaries (y = yi,yu)
At the freestream boundaries, exponential decay of the veloc-

ity fluctuations is enforced by a set of computational boundary
conditions7 of the form

,
— = ±raru (4)

Fig. 1 Schematic of the computational domain, defined by *,• < x < x0
and)?/ < y < yu. The inset schematically defines t/oo and #TE«

In Eq. (4), the minus sign applies at y = yu and the plus sign applies
at y = yt. The continuity equation is used as a boundary condition
for the cross-stream velocity. Vorticity disturbances typically decay
very rapidly at large \y\\ therefore, the disturbance velocity field
is assumed to be irrotational at the freestream boundaries of the
computational domain.

To use Eq. (4) for our simulations, which is strictly valid for small-
amplitude, neutrally stable disturbances only, we adhere to at least
one of the following restrictions: First, we can restrict ft so that the
resulting small-amplitude disturbance growth rates are low enough
for Eq. (4) to be a reasonable approximation. As will be shown
in Sec. V.A, Eq. (4) worked reasonably well for slowly growing,
small-amplitude disturbances. Second, we can place the freestream
boundaries at considerable distances above and below the wake cen-
terline. Any adverse effects of using Eq. (4) then will be limited to
portions of the flowfield near these boundaries where disturbance
levels are small. Near the wake centerline, where most of the dis-
turbance energy is concentrated, the influence of the freestream
boundary conditions likely will be negligible.

C. Outflow Boundary (x = x0)
Specification of appropriate outflow boundary conditions pre-

sents a significant obstacle to the successful use of DNS for in-
vestigations of flows where disturbances exhibit streamwise devel-
opment. To implement appropriate outflow boundary conditions for
our simulations, we make the following observation: Disturbances
introduced into the wake at the inflow boundary, as well as any
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nonlinearly generated harmonics, require a finite time to travel the
length of the computational domain. Therefore, if the duration of
the simulation is restricted to less than the transit time of the distur-
bances, the wake will remain relatively undisturbed at the outflow
boundary. Adhering to this restriction on the duration of the sim-
ulations, we then can impose Dirichlet conditions at the outflow
boundary with the velocity and vorticity set equal to their respective
undisturbed values.

However, we note that although these boundary conditions dictate
that disturbances cannot be permitted to reach the outflow boundary,
in practice one must be more restrictive and require that the outflow
boundary and some portion of the computational domain upstream
of the outflow boundary remain undisturbed. This restriction limits
the influence of the outflow boundary on the disturbances in the
wake. However, the size of the domain that must remain disturbance-
free cannot be estimated a priori, and instead must be determined
by numerical experimentation.

D. Initial Conditions (t = 0)
Prior to the imposition of any disturbance forcing, the wake is

assumed to be steady and undisturbed. This undisturbed flowfield is
obtained by numerically solving the governing equations (1), using
the discretization described in Sec. IV. Steady solutions are obtained
by integrating the governing equations with respect to time, subject
to time-independent boundary conditions, until the maximum resid-
ual of the discretized equations falls below 10~6 at each grid point in
the computational domain (see Sec. IV for a discussion of the grid).
Boundary conditions for this calculation are described in detail by
Dratler.8

IV. Numerical Method
The governing equations (1) are solved numerically using a vari-

ant of the method originally developed by Pruett9 for simulations
of spatially developing free shear layers. However, this method has
been modified for our work, incorporating improvements in both
efficiency and accuracy. For spatial discretization, derivatives are
approximated using second-order finite differences. Time integra-
tion of the discretized vorticity equations is accomplished using a
hybrid alternating direction implicit/Adams-Bashforth scheme of
second-order temporal accuracy. The discretized velocity equations
are solved using a fast Poisson solver that is based on a method
developed by Swarztrauber.10 Solutions of the discretized vorticity
and velocity equations are obtained on a uniform grid composed
of N points in the streamwise direction and M points in the cross-
stream direction. The overall accuracy of the numerical method is
second-order in time and in the streamwise and cross-stream direc-
tions. A more detailed description of the numerical method can be
found elsewhere.8'9

V. Results
In this section, simulations of a monochromatically forced, spa-

tially developing, two-dimensional, flat-plate wake are presented.
Numerical solutions were checked by comparing them to linear sta-
bility theory and to the experimental measurements of Sato and
Kuriki.1

A. Comparison with Linear Stability Theory
Comparison of our results to linear stability theory provided a

means to check the validity of the numerical solutions for small-
amplitude disturbances. For this comparison, we considered an
initially undisturbed wake in a computational domain defined by
jc; = 0.3, x0 = 0.7, yi = —10, and yu = lQ. The grid was constructed
using N = 1025 and M = 251, which was more than adequate to
resolve the fundamental disturbance. For the base-flow calculation,
the inflow streamwise velocity profile was

(5)

with a = arccosh(V2), Uc = 0.5, and b = 1.3. The wake Reynolds
number was Re = 2x 105, with r = 2.97 x 10~3. The forcing param-
eters were p = 107, ctr = 126, and A = 0.001, with the selected forc-
ing frequency somewhat less than the frequency of maximum ampli-
fication. The simulation was run for five periods of the fundamental
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Fig. 2 Amplitude VA and phase distributions c/>v of the fundamental
component of the cross-stream velocity: ——, x = 0.300; ——, x = 0.325;
- - - -, jc = 0.350; - • • -, x = 0.375; and ——, x = 0.400 and Re = 2 X 10s.
[Distributions at x = 0.300 correspond to the cross-stream component
of the Orr-Sommerfeld eigenfunction for {3 = 107 and were obtained
from linear stability analysis of the velocity profile given by Eq. (5). Sim-
ulation parameters: j3 = 107, A = 0.001, JC; = 0.3, JC0 = 0.7, v, = -10,
yu = 10, N = 1025, and M = 257. Amplitude and phase are even about
y - 0, but are shown for y > 0 only.]

disturbance. Numerical stability dictated the use of 512 time steps
for each fundamental disturbance period.

Amplitude and phase distributions of the fundamental disturbance
are shown in Fig. 2 for several streamwise locations and compared
to similar distributions for x = 0.3. Recall that x = 0.3 is the loca-
tion of the inflow boundary, so that, as described in Sec. III. A, the
amplitude and phase at this location are the amplitude and phase
of the Orr-Sommerfeld eigenfunction corresponding to the forcing
frequency f$. The amplitude distributions (Fig. 2a) show excellent
agreement with theory, retaining the shape of the Orr-Sommerfeld
eigenfunction through x = 0.4, which is approximately two distur-
bance wavelengths downstream of the inflow boundary. The peak
amplitude increases by less than one order of magnitude between
jc = 0.3 and 0.4, indicating a relatively moderate rate of disturbance
growth. Phase distributions (Fig. 2b) also show excellent agreement
with linear stability theory. The phase distributions are plotted at
intervals of x = 0.025, which is almost exactly one-half of the fun-
damental disturbance wavelength. Therefore, the phase difference
between consecutive streamwise locations is almost exactly n.

In addition, the amplitude and the phase distributions display the
appropriate asymptotic behavior for large \y\ that would be expected
of small-amplitude disturbances. The amplitude distributions decay
exponentially with increasing \y\, whereas phases increase linearly
with increasing \y\. The phases do deviate somewhat from linearity
near y — 10 because of the assumption of neutral stability implicit
in the exponential-decay boundary conditions (4). However, this
deviation is quite small and is not observed away from the freestream
boundaries.

B. Comparison with Experiment
In this section, calculated disturbance behavior is compared to

the measurements of Sato and Kuriki,1 who conducted an exper-
imental investigation of laminar-turbulent transition in the wake
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of a thin plate. These comparisons provide a means to judge the
validity of simulations of large-amplitude disturbances. To facil-
itate comparison, flow conditions were selected to match Sato
and Kuriki's1 experiments as closely as possible. The flow was
calculated on a domain defined by 0.03 = xt < x < x0 = 0.75,
—16 — yi < y < yu = 16 using a grid constructed with N = 1025
and M = 257. To establish the grid independence of our solutions,
simulations were performed for N — 1025 with M set to 129, 193,
and 257, and for M = 257, with N set to 513, 769, and 1025. With
this variation in spatial discretization, computed results did not vary
significantly.

To match the conditions of Sato and Kuriki's experiments, the
wake Reynolds number was set to Re = 2 x 105. For this Reynolds
number, r = 2.97 x 10~3. For the base-flow calculation, the stream-
wise velocity at the inflow boundary was taken to be a Gaussian
distribution of the form

0-a(ylbY (6)

with a = Vn>2. In Eq. (6), the parameters Uc = 0.23 and b = 1.15
were obtained from Goldstein's11 similarity solution. The selected
values of Uc and b are consistent with Sato and Kuriki's1 experi-
ments.

For the disturbance forcing, the dimensionless frequency was set
to p = 172 (corresponding to 911 Hz), the frequency of maximum
streamwise growth (as predicted by linear stability theory) for the
inflow velocity distribution [Eq. (6)]. For this frequency, cer = 263.
Sato and Kuriki1 conducted both forced and unforced experiments.
For the forced experiments, the wake was excited using a monochro-
matic acoustic source, with the frequency varied between 480 and
1000 Hz. The frequency of the dominant fluctuation in the unforced
case (i.e., the natural frequency) was given as 730 Hz. However,
there does appear to be a high degree of uncertainty associated with
this value of the natural frequency. On the basis of the data pre-
sented in Sato and Kuriki's1 Fig. 14, which shows the frequency of
the dominant wake fluctuation in the absence of forcing, our compu-
tations indicate that the natural frequency falls in the range 730-920
Hz. We note that our forcing frequency (911 Hz) lies in this range.
In the discussion that follows, our results are compared with mea-
surements from forced and unforced experiments. The experimental
amplitude distributions shown in Fig. 3 correspond to a frequency
of 730 Hz, the forcing frequency for that experiment. However, the
experimental centerline velocity data shown in Fig. 4 are from an
unforced experiment, the only data of this type presented by Sato
and Kuriki.

0.2
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0.05

0-16 -8 0y 16

Fig. 3 Amplitude distributions of the fundamental component of the
streamwise velocity: ——, numerical simulation, x = 0.133; ----, nu-
merical simulation, x = 0.200; +, Sato and Kuriki,1 jc = 0.133; and X,
Sato and Kuriki,1 x = 0.200. [The amplitude data of Sato and Kuriki1

were plotted in their paper using arbitrary units. The ordinate of these
data has therefore been scaled using a linear least-squares technique,
with a different scaling used for each streamwise location. Simulation
parameters: Re = 2 x 10s, 0 = 172 (911 Hz), A = 0.001, *, = 0.03,
x0 = 0.75, yi = -16, yu = 16, N = 1025, and M = 257. Experimental
forcing frequency 730 Hz.]
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Fig. 4 Centerline velocity Uc vs streamwise distance x: ——, mean-
flow value from numerical simulation (forcing frequency 911 Hz);
——, base-flow value from numerical simulation; and +, mean value
from unforced experiments of Sato and Kuriki1 (simulation parame-
ters: Re = 2 x 10s, /3 = 172, A = 0.001, x; = 0.03, x0 = 0.75, j/ = -16,
yu = 16,N= 1025, and M = 257).

The forcing strength in our simulation was set to A = 0.001. It
was not possible to determine an appropriate value for A from the
data of Sato and Kuriki1 (for either the forced or the unforced case).
However, it was apparent from their results that the disturbance
development was governed by linear stability theory for _distances
downstream of the plate trailing edge of approximately x/L < 0.10.
Therefore, we set A at a level so that the_disturbance development
also would be linear for this range of x/L.

The two main discrepancies between our simulation and Sato and
Kuriki's1 experiments are the forcing frequency and the strength.
Because both will influence the streamwise location at which nonlin-
earity becomes important, direct quantitative comparison between
simulation and experiment may not be possible. However, we expect
qualitative trends to be similar, as discussed below.

The simulation was run for 17 periods of the fundamental dis-
turbance, with numerical stability requirements dictating 128 time
steps per period. At the end of the simulation, the disturbed portion
of the flowfield had propagated to x ~0.56, with temporal peri-
odicity attained for x <0.31, beyond which the temporal behavior
is more complicated. The largest streamwise length scale in the
time-periodic portion of the wake is the fundamental disturbance
wavelength, X ̂  0.03. Based on this scale, the disturbed portion of
the flowfield is approximately six wavelengths from the outflow
boundary. Therefore, the assumption of an undisturbed flowfield
at the outflow boundary is satisfied. The influence of the outflow
boundary on the numerical solution also was tested by recomput-
ing the solution with x0 = 1.11 and N = 1537 (i.e., with the same
streamwise resolution) but with all other physical and numerical
parameters as previously noted. Comparison of the two solutions
indicated no observable influence of the outflow boundary.

Figure 3 shows amplitude distributions of the fundamental distur-
bance for x = 0.133 and 0.2, downstream of the location at which
the fundamental disturbance saturates. Measured amplitude distri-
butions from Sato and Kuriki1 are shown for these same locations.
The experimental distributions, which Sato and Kuriki1 plotted in ar-
bitrary units, have been scaled to the numerical distributions using a
linear least-squares technique. Because it was not possible to match
the forcing level in Sato and Kuriki's experiment, and therefore the
comparison shown here is qualitative in nature, a different scaling
was used for each streamwise location. This scaling was applied to
the ordinate only. For both locations, there is reasonable agreement
between the simulated amplitude distributions and the scaled exper-
imental data. We note in particular that between x = 0.133 and 0.2
there is a significant redistribution of energy toward the freestream,
concomitant with a reduction in peak amplitude. These effects are
not predicted by linear stability theory. The reduction in peak ex-
perimental amplitude is not an artifact of the scaling. Observed
deviations between the simulated and experimental data could be
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attributable to the different forcing frequencies (911 Hz in the sim-
ulation vs 730 Hz in the experiment), slight differences between the
base flows, differences in the level of excitation, or the presence of
a broad spectrum of fluctuations in the experiment. Despite these
differences, there is good agreement between the simulation and the
experiment.

The experimental amplitude distributions shown in Fig. 3 also
have been favorably compared to amplitude distributions obtained
from temporal direct numerical simulations.3 This suggests that
computed amplitude distributions are not extremely sensitive to vari-
ations in methods of computation, forcing parameters, etc. There-
fore, we would not expect the level of comparison between our
computed distributions and Sato and Kuriki's measurements to be
significantly affected by the relatively small differences between our
numerical simulation and Sato and Kuriki's experiment.

In Fig. 4, the centerline velocity is shown for the mean and undis-
turbed flows. Mean centerline velocity from unforced experiments
of Sato and Kuriki1 also is shown. The large increase in centerline
velocity implies a significant broadening of the mean flow, and a
reduction in its deficit, as compared to the undisturbed flow, and in-
dicates that nonlinear effects are significant. The experimental data
in Fig. 4 show similar trends. However, the large velocity increase
begins at a different streamwise location in the simulation than in the
experiment. We also note that the experimental centerline velocity
near x = 0.03 is larger than the simulated value. This bias continues
downstream until the simulated velocity begins to increase because
of nonlinear effects at x ^ 0.10, and indicates that the values of
Uc and b used to construct the inflow boundary condition for the
base-flow calculation [see Eq. (6)] probably were not optimal in
terms of producing a base flow representative of Sato and Kuriki's
experiment.

The discrepancies between the simulation and experimental data
in Fig. 4 likely arise for the same reasons outlined in regard to Fig. 3.
However, in contrast to Fig. 3, the experimental data in Fig. 4 are
from an unforced experiment. Therefore, an additional cause of the
observed discrepancies could be the use of monochromatic forcing
in the simulation, which is not representative of the broad spec-
trum of naturally occurring fluctuations in the experiment. These
differences notwithstanding, the numerical and experimental data
in Fig. 4 exhibit good qualitative agreement. In addition, simulated
mean streamwise velocity distributions (not shown) displayed ve-
locity overshoots as observed by Sato and Kuriki.1

C. Additional Discussion of Nonlinear Disturbance Development
To better illustrate nonlinear aspects of the disturbance develop-

ment, we present results showing the streamwise evolution of the
dimensionless disturbance kinetic energy, the fundamental stream-
wise wave number, and the span wise vorticity in the large-amplitude
regime. The results presented here are from the nonlinear simulation
discussed above.

The dimensionless disturbance kinetic energy was calculated us-
ing the expression

(7)

In Eq. (7), / = 0 corresponds to a zero frequency disturbance (the
mean-flow distortion), / = 1 corresponds to ft (the fundamental
disturbance), / = 2 corresponds to 2/3 (the second harmonic), etc.
The integral in Eq. (7) is evaluated numerically using Simpson's
rule.

The streamwise variation of the disturbance kinetic energy Et is
shown in Fig. 5 for the fundamental disturbance and for three tempo-
ral harmonics. In addition, fundamental disturbance kinetic energy
growth as obtained from a linear stability analysis of the undisturbed
flow is shown. This analysis was performed using a quasiparallel
assumption. On the basis of the results shown in Fig. 5, we note that
the region of exponential growth of the fundamental disturbance is
quite small, being approximately three fundamental wavelengths in
extent. The linear region ends when the fundamental disturbance
saturates, which is at x « 0.10. Beyond the point of saturation, the
dominant disturbances are the fundamental disturbance (/ = 1), the
mean-flow distortion (/ = 0), and the second harmonic (/ = 2).

10°

1(T:

10 0.03 0.08 0.13 0.18 0.23 0.28x
Fig. 5 Disturbance kinetic energy EI vs streamwise distance x for Re =
2 x 105: ——, I = 0;——, / = 1; - - - - , / = 2; • • • • , / = 3; — •, Orr-
Sommerfeld stability analysis of the undisturbed flow; and - - - - - -, Orr-
Sommerfeld stability analysis of the mean flow (simulation parameters:
P = 172, A = 0.001, Jt; = 0.03,*,, = 0.75, jv = -16,yu = 16,N = 1025,
and M = 257).
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0.03 0.08 0.13 0.18 0.23 0.28x
Fig. 6 Phase speed cp of the fundamental disturbance vs streamwise
distance x: ——, numerical simulation (forcing frequency 911 Hz); - —,
Orr-Sommerfeld stability analysis of the undisturbed flow; - - - -, Orr-
Sommerfeld stability analysis of the mean flow; and x, forced transition
experiments of Sato and Kuriki1 (forcing frequency 730 Hz) (simulation
parameters: to = 2 x 10s, p = 172, A = 0.001, */ = 0.03, *,, = 0.75,
yi = -16, yu = 16,N = 1025, andM = 257).

These three disturbances contain approximately 95% of the total
disturbance kinetic energy. The mean-flow distortion and second
harmonic are dominant near the wake centerline, whereas the fun-
damental is dominant away from the centerline. This is consistent
with Sato and Kuriki's1 measurements.

Saturation, which occurs at x ^ 0.10, coincides with the large
increase in mean centerline velocity seen in Fig. 4. Increases in
mean centerline velocity, which tend to decrease the mean shear,
are known to have a stabilizing influence on small-amplitude dis-
turbances and may have a similar effect on large-amplitude dis-
turbances. To quantify this effect, we performed a linear stability
analysis (Orr-Sommerfeld) of the mean flow, i.e., the base flow plus
the mean-flow distortion. The streamwise variation of kinetic energy
predicted by this analysis (Fig. 5) clearly shows saturation of the
fundamental disturbance amplitude, although the absolute kinetic
energy level is overpredicted. This suggests that fundamental dis-
turbance saturation may simply be attributable to the stabilization
(in a linear sense) of the mean flow resulting from nonlinear inter-
actions. This simple view of saturation is supported by the results
of Ko et al.,12 who employed integral methods to investigate nonlin-
ear disturbance development in wakes. For mixing layers, a similar
saturation mechanism has been proposed.13

In Fig. 6, the streamwise variation of fundamental disturbance
phase speed is shown. The increase in phase speed that occurs for
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x - 0.03 x = 0.39

-0.48 +0.48

Fig. 7 Spanwise vorticity uz in the xy plane: Re = 2 x 10s; t = 0.62; 0.03 < x < 0.39; — 8 < y < 8. Flow is from left to right. Simulation parameters:
0 = 172, A = 0.001, xi = 0.03, Jt0 = 0.75,# = -16,yu = 16,N = 1025, and M = 257.

jc > 0.08 is reasonably well predicted by the mean-flow stability
analysis, providing additional evidence to support our contention
that initial nonlinear evolution of the fundamental disturbance may
be governed by the linear stability of the mean flow. In contrast, sta-
bility analysis of the undisturbed base flow predicts a more gradual
increase in phase speed. In addition, the fundamental phase speed
from the simulation exhibits reasonable agreement with the mea-
surements of Sato and Kuriki.1

Instantaneous spanwise vorticity is shown in Fig. 7 for t = 0.62
(17 fluctuation periods). The most prominent feature of the vorticity
field is the vortex street that forms for x > 0.21. As the vortex street
develops, positive vorticity (white and light gray areas), which near
the inflow boundary is confined toy < 0, is convected up ward across
the wake centerline. At the same time, negative vorticity (black and
dark gray areas) from y > 0 is convected downward across the wake
centerline. If we neglect viscous diffusion, then

(8)

10°

Dt
and the spanwise vorticity associated with a particular fluid element
is invariant with time. Therefore, the positive vorticity observed
for y > 0 is associated with fluid that originated below the wake
centerline and was convected upward as a result of the disturbance
flowfield. Likewise, the negative spanwise vorticity below the cen-
terline is associated with fluid originating above. This indicates a
high degree of cross-stream convection and mixing. For x > 0.25,
the spanwise vorticity convected across the wake centerline coa-
lesces into small vortices positioned adjacent to oppositely signed
Karman vortices. These small vortices appear to be similar to the
secondary vortices observed by Zabusky and Deem3 in their simu-
lations of temporally evolving wakes.

D. Influence of Forcing Strength on Disturbance Behavior
In Sec. V.C it was shown that exponential growth of the fun-

damental disturbance led to saturation downstream of the inflow
boundary. This saturation distance clearly will vary with forcing
strength. Stronger forcing (i.e., stronger than A = 0.001 used in
Sec. V.C) should lead to saturation farther upstream whereas weaker
forcing should have the opposite effect. In addition, other aspects of
disturbance behavior might depend on forcing strength. To assess
the effects of forcing strength on disturbance behavior, we reran the
simulation discussed in Sec. V.C with A = 0.01, with all other phys-
ical and numerical parameters as discussed in Sees. V.B and V.C.
We note that A — 0.01 is less than the excitation level that would
result in fundamental disturbance saturation at the inflow boundary.

In Fig. 8, we show the evolution of disturbance kinetic energy
for A = 0.001 (for which results were described in detail in Sees.
V.B and V.C) and A = 0.01. For the fundamental disturbance,
exponential growth at small x is observed for both A = 0.01 and
A — 0.001. For A = 0.01, the fundamental disturbance saturates
farther upstream, as expected for stronger forcing. However, we note
that the maximum kinetic energy levels for both forcing strengths are
similar (in the range EI & 0.22-0.25). In addition, although there
are obvious quantitative differences, the kinetic energy curves for
A =0.01 and A = 0.001 are remarkably similar in character. Both
show regions of exponential growth followed by a saturated state in
which fundamental disturbance energy varies relatively little.

The second harmonic, as characterized by disturbance kinetic en-
ergy, also exhibits trends that differ little with forcing strength. For
both forcing strengths, the second harmonic exhibits strong growth
at small x and more gradual variation at larger x, as was the case

10,-2

10 0.03 0.080.13 0.18x 0.23 0.28
Fig. 8 Disturbance kinetic energy E[ vs streamwise distance x for
Re = 2 x 10s: —— ,A = 0.01,7 = 1; —— , A = 0.001, / = 1; - - - - ,
A = 0.01, / = 2; and • • • •, A = 0.001, 1 = 2 (other simulation parame-
ters: 0 = 172, xt = 0.03, X0 = 0.75, JV = -16, yu = 16, N = 1025, and
M = 257).

for the fundamental disturbance. However, for the stronger forcing,
the second harmonic achieves its maximum energy level farther
upstream.

These results suggest an insensitivity of saturated amplitude to
variations in forcing strength. Similar behavior has been observed
in experiments of axisymmetric mixing layers14 and numerical sim-
ulations of plane mixing layers.13

VI. Conclusions
Direct numerical simulations were employed to investigate the

spatial evolution of a monochromatically forced, incompressible,
low-speed wake behind a thin flat plate aligned parallel to a uniform
freestream. The results of these simulations, which were restricted
to two dimensions, demonstrated good overall agreement with ex-
perimental measurements of Sato and Kuriki.1 Areas of agreement
include the presence of a region governed by linear stability theory
(for sufficiently weak forcing) in which growth rates are quite large,
a nonlinear region in which fluctuation amplitudes vary more grad-
ually with streamwise distance than in the linear region, the forma-
tion of significant second-harmonic and mean-flow distortion com-
ponents, and the development of a Karman vortex street at large
two-dimensional disturbance levels. The good agreement between
the two-dimensional simulations and Sato and Kuriki 's experiment
(for which low-level three-dimensional fluctuations were present)
suggests that the neglect of three-dimensionality is justified for sim-
ulations of the early linear and nonlinear stages of transition in wakes
behind thin plates.

Our results also indicate that fundamental disturbance saturation
can be predicted, at least qualitatively, from a linear stability anal-
ysis of the distorted mean flow. This suggests a simple model for
saturation in which nonlinear self-interactions of the fundamental
disturbance distort the mean flow, while the enhanced linear stability
of this distorted flow reduces the fundamental disturbance growth
rate to cause saturation. This simple view of saturation is supported
by the results of others.

The vortex street shown in Fig. 7 is clearly a large-amplitude phe-
nomenon, with its formation occurring downstream of the onset of
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fundamental disturbance saturation. The vortex street is accompa-
nied by formation of secondary vortices whose development appears
to be driven by strong cross-stream convection in the vortex-street.
Similar vortex-street development has been observed experimen-
tally.

Our two-dimensional simulations also indicate that variations in
forcing strength do not substantially alter the disturbance behavior.
The main effect of stronger forcing is to move the onset of non-
linearity, and hence saturation, farther upstream. In addition, the
kinetic energy level of disturbances in the saturated state appears to
be relatively insensitive to forcing strength, suggesting that nonlin-
ear disturbance development is quantitatively, but not qualitatively,
influenced by this parameter, provided that the initial disturbance
development is linear. This suggests that in this flow, the forcing
strength in a simulation or experiment can be set to a value giving a
convenient range of linear disturbance development.
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